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We sharpen a technique of Gelfond to show that, in a sense, the only possible 
gap-free sequences of “good” Diophantine approximations to a fixed Al E C 
are trivial ones. For example, suppose that a > 1 and that (S,)~=, and (un)FE1 
are two positive, strictly increasing unbounded sequences satisfying IS,,, < a&, 
and o,+~ < au,. I f  there is a sequence of nonzero polynomials P,, E Z[x] with 
deg P, G 6, , deg P,, + log height P,, < O, , and / P,(Q) < e--(Ya+l@eo*, then 
each P,(m) = 0. 
1. STATEMENT OF RESULTS 
Gelfond developed a method for showing the algebraic independence 
of certain numbers which are related by the exponential function (see 
[3, pp. 128-1621). His method has been applied recently by Shmelev [9], 
R. Tijdeman [lo], and Brownawell [2]. One of the crucial lemmas in 
Gelfond’s method [3, Lemma VII, p. 1481 has been made sharper by 
Lang [5] and Tijdeman [lo]. We derive a further refinement, which is in 
one respect the best possible. 
THEOREM 1. Let c 3 1, d > I with cd > 1. Suppose that (m)zzl and 
(S,)E==, are monotonic nondecreasing sequences of real numbers such that 
the products 6, yn tend to inznity with n and, .for each n E N, 
Yn+1 L vn 5 < 6 n+l G d&t . (1) 
Let 01 E C. If there is any sequence of polynomials P, E Z[x], P, # 0, 1, 
with degree P,, < S, , height P,, < eYm and 
log I f’,(d < -MC + d + 1) yn + W + 1) ha), (2) 
for all n E N, then 01 is algebraic andfor each n E N, 
P,(U) = 0. 
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The main practical advantage of this formulation lies in the explicit 
separation of yn and 6, in (2). We shall use Theorem 1 in a subsequent 
paper to show, among other things, the transcendence of at least one of 
the numbers ee and ee’. 
One can prove an analog of Theorem 1 for the approximation of a 
complex number by a sequence of algebraic numbers. If .$ E C is algebraic, 
let d(f) and /z(t) denote the degree and height, respectively, of the minimal 
polynomial for 5 over Z. In the following theorem, c, d, (m)zE1 and 
(6,& will be as in Theorem 1. 
THEOREM 2. Let 01 E C and suppose that ([,)E1 is a sequence of 
algebraic numbers satisfying d(5,) < 6, , h&) < eYn and 
log I c-i - 5, I d -U(c + d + 1) yn + 2dh + log 3) (3) 
for each n E N. Then 01 is algebraic and, for each n E N, 
The constant c cannot be replaced by ~(1 - E) in (2) or (3) for any 
E > 0. For when a E N, a > 2, Roth’s theorem shows that the number 
a = &2”’ 
is transcendental. When a is taken sufficiently large with respect to c-l, 
the polynomials 
P,(x) = 2anx - $ 2”“~“” 
k=l 
would satisfy the modified hypotheses of Theorem 1 with respect to 01, 
but not the conclusion. The situation is similar for the numbers 
,f, = f 2-“k 
kl 
and Theorem 2. In the sense that the coefficient of c is exactly right, the 
theorems are best possible. 
If (Y E C is assumed algebraic from the beginning, then condition (1) 
is not necessary to conclude that P,(U) = 0 for large n under the remaining 
hypotheses of Theorem 1 (or f,, = 01 for large n under the remaining 
hypotheses of Theorem 2). For if (8,& is unbounded, we consider the 
resultant of the minimal polynomial for OL over Z and P, (or Q,, , the 
minimal polynomial for 5, over Z). Applying Lemma 1 below shows that, 
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for large n, P,(a) = 0 (or, also using (17), Qn(o) = 0. Since OL and 5, 
are conjugates and the right side of (3) tends to - co, e, = OL for large n). 
If (6,),“=, is bounded, then (Y,J,“=~ must be unbounded. In that case, 
generalizations of Roth’s theorem due to Wirsing [I I] and Schmidt [7] 
easily give the desired conclusions. 
Both theorems hold when c and dare taken to be functions c, d: N + R 
with c(n) 3 1, d(n) > 1, and c(n) and d(n) are substituted for c and d, 
respectively, in (1), (2), and (3). In a subsequent paper, we shall turn to 
another kind of generalization of Theorem 1 and the ensuing transcendence 
implications. We note also that, using the arguments of [I], one could 
easily derive p-adic versions of our theorems. 
No satisfactory generalization of Theorem 1 is known to polynomials 
in several variables (see [5]). In view of the interesting applications to 
transcendence problems, such a generalization would be very desirable. 
2. APPROXIMATION OF MAHLER'S U-NUMBERS 
Condition (I) may be interpreted as a gap condition. When CY is transcen- 
dental, Theorem I gives information on the size of the gaps which we 
must expect, in terms of how “good” the approximating polynomials are. 
As an example, we consider approximations to U-numbers [8, p. 661. 
If ai is a U-number, then there is a sequence of distinct nonzero 
polynomials P, E Z[x] of degree m, say, such that the ratios 
rn = -(log I P,(ol)l)/(log height P,) 
tend to infinity with n. LeVeque [6] has named such a sequence an 
L,-sequence for 01. 
COROLLARY. Let OT E C be a U-number and fet (Pn)zzE) be an L,,-sequence 
for a. Let yn = log height P, . Then 
lim sup yla+Jyn = co. 
Proof. Without loss of generality, we may assume that the poly- 
nomials P, are ordered with yn < ya+l . Let d = 1 and select any 
c > 1. Since r, tends to infinity, there is an n, E N such that for n > n, , 
r, 3 tc j 2)m + 3m2. But then, with the possible exception of (I), the 
hypotheses of Theorem 1 are clearly fulfIlled by any sequence (P,),“_,, 
with n’ 3 n, . Since 01 is transcendental, (1) cannot hold for any of the 
sequences. Thus, yn+r/yn > c for infinitely many n. Because c was 
arbitrary, the corollary follows. 
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One can, of course, deduce from Theorem 2 the analogous corollary 
for algebraic approximations to U*-numbers in Koksma’s equivalent 
classification [8, pp. 72-821. 
3. PROOFS OF THE THEOREMS 
Before we proceed, we note that the theorems are almost identical in 
case 6, < 2 for all iz E N. The theorems are also trivial in that case. For 
if P,(X) = qnx - p,, and P,+l(x) = qR+1x - pn+l are distinct, then the 
triangle inequality implies that 
l/l 4n4n+1 I d I cx - Pnlq‘n I + I 01 - Pn+l/qn+l I. 
Consequently, 
e+V < max(l P,(4, I Pn+da)l). 
But this inequality contradicts both (2) and (3). Thus, if S, , Sn+r < 2, 
then P, = P,+l . Now the right sides of (2) and (3) tend to -cc with n. 
Hence, if 6, < 2 for all n, we must have P,(a) = 0 for all n. 
For the proofs, we use a familiar norm on polynomials in Z[x]. Namely, 
if 
we define 
P(x) = a, + a,x + *** + f&x”, 
Clearly, 
II P II = (I a, I2 + *** + I a, 12y2. 
I/ P 11 < (n + l)lj2 height P. (5) 
We begin with the following formulation of a well known result (compare 
[3, pp. 145, 1461 or [lo, Lemma 41). 
LEMMA 1. Let F, G E Z[x] have degrees m, n > 0, respectively. Then F 
and G have a nonconstant common divisor in Z[x] if and only if there is 
some LY E C with 
Cm + 4 II W II G Ilm maNI FCc4, I G(4) < 1. 
Proof. If F and G have a common factor, then they have a common 
root 01. 
Let 
F(x) = f aixi 
i=l 
and G(x) = i b&. 
j=l 
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If F and G have no nonconstant common divisor in Z[x], then the abso- 
lute value of the resultant in Fig. 1 is at least one. 
a, a, *** a, 0 . . . 0 
0 a, a, *.. 4, 0 . . . 0 
. . . . . . . . . . . . . ..I... 
0 -*- 0 a, a, *a. a, 
b, b, ..* b, 0 ..* 0 
b, b, ..a b, 0 ..a 0 
. . . . . . . . . . . . . . . . . . . 
0 ..* 0 b, b, ... 6, 
FIGURE 1 
If / (Y j d 1, multiply the ith column by ai and add to the first column, 
i = 2,..., m + n. Thus, without changing the value of the determinant, 
we have replaced the first column by the column whose transpose is 
(F(a), aF(ar) ,..., clF(o(), G(ol) ,..., n+lG(a)). 
If / 01 1 > 1, we would replace the last column by the transpose of 
(oI+-~+~F(oI),..., cnzF(ol), o(-“z-n+lG(cx),..., cx+G(ol)). 
We expand about the first (last, if ) 01 1 > 1) column and use Hadamard’s 
inequality to find that 
1 d n I F(a)1 11 Flin-l I/ G Ilm + m I G(oi)l /I G Jlnc--l 11 F‘j/“. 
The corollary follows. 
LEMMA 2 (Gelfond). Let PI ,..., P, E Z[x] and denote the sum of their 
degrees by d. Then 
fj /j Pi j/ < 2d-1/2 II fi Pi !I. 
i=l 
For a proof, see [3, p. 1351 or [lo, Lemma 31. 
The following lemma is slightly sharper than its previously published 
forms [3, p. 1471 and [lo, Lemma 51. 
LEMMA 3 (Gelfond). Let 01 E C and P E Z[x] with degree d > 0 and 
height eh. Suppose that for h 3 3, 
log 1 P(a)/ < --hd(h + d). (6) 
641/6/1-z 
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Then there is a factor Q of P which is a power of an irreducible polynomial 
in Z[x] such that 
log I Q(a)1 < -(A - 1) d(h + 4. 
Proof. If d = 1, P is itself irreducible. Thus, we may assume that 
d > 2. Suppose that F and G are nonconstant relatively prime factors 
of P in Z[x] with degrees m and n, respectively. Then by Lemma 1 and 
Lemma 2, 
1 d dmax(l r;(ol)l, I WI) II W II G IIm 
< d max(l f’(4l, I W4lXll p II ZdId-‘. 
Since 3112 < (e/2)2, we note that 
(1 + x)lj2 -c (e/2)“, for x > 2. 
Hence, by (5) and (7), 
1 -=c max(l F(or)l, I G(or)() ed(*+d). 
(7) 
(f-9 
Now write P as a product of powers of distinct irreducible polynomials 
in Z[x]: 
P = PI*** P,, 
so that 
I PIWI d I P,(ol)l G --* G I P&N. 
Now I P(or)l < 1, and so I PI(~)1 < 1. Thus, for some i, 1 6 i < r, we 
must have 
where the empty product is understood to be 1. By (8), 
Thus 
log I PI(a) ..* Pi-,(,)I > -d(h + d), 
log I P,+d4 a.* P,(d > -4h + 4. 
. 
I P(or)l = 1 ti Pi64 1 I Pi(4 1 j$+I Pi(a) 1 > I Pit4 e-2d(h+d). 
j=l 
Hence, 
1% 1 Pi@)1 -C log I P(a)1 + 2d(h + 6). 
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But I PI(a)/ < 1 Pi(a)]. We know, therefore, from (6) and (8) that 
either i = 1 or else 
-d(h + d) < log j P{(c4)I < -(A - 2) d(h + d). 
Since h > 3, the second alternative is impossible, and so i = I. Hence, 
I P(m)1 = I P,(a)1 1 fi Pj(a) / > I P,(ol)l e-d(h+d), 
j=2 
as claimed. 
Proof of Theorem 1. Since c, d 3 1, we may apply Lemma 3 to each 
P, . Every P, has a factor Q,, which is a power of an irreducible poly- 
nomial in Z[x] and satisfies 
1% I Qn(a)l G -U(c + 4 yn + 2&i). (9) 
Now the degree of Qn is at most 6, , and by Lemma 2 
!I Qn It < II P, II 26n-1’2. (10) 
We shall show that there is a fixed irreducible polynomial P E Z[x] of 
degree k > 0 such that each Qfl is a power of P, say Qn = P’*. But first 
let us see how the theorem follows from this fact. The following is weaker 
than (9): 
.A, log I PG4 = log I QJ4l < -jn2Wk2). (11) 
Since (6,y,& tends to infinity, (9) implies that the numbers Qn(ol) tend 
to zero as n tends to infinity. Thus, if P(a) # 0, then the equality on the 
left side of (11) must involve infinitely many distinct powers j, E N. 
But if P(a) # 0, then 
log / P(a)1 < -j,(2dk”) 
can hold for only finitely many distinct j, E N. Comparing with (1 l), 
we see that we must have P(a) = 0. Hence, a! is algebraic, and for each 
n E N, P,(a) = 0, since P divides P, in Z[x]. 
We momentarily restrict our attention to those Qn for which 6, 3 2. 
Then we know by (5), (7), and (10) that 
jj Qn /I < eyit+6n2-1’2. (12) 
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Since 2 < 6, < 8,+r , 6, + 8n+l < 2(6fl+sn+1)/2. Thus, 
< (6, + S,,,) e~“+l(v,+~,)+~,(v,+l+6,c1)/2(s,+8,,1)/2 
< ed8,(v,+6,)+6,(cv,+d8~). 
(13) 
Now (Y,JF=~ and (8,J~=l are nondecreasing. Thus, in view of (9) and (13), 
Lemma 1 shows that Qn and Qn+, must have a common nonconstant 
factor in Z[x]. Consequently, all Qn with 6, 2 2 are powers of the same 
irreducible polynomial in Z[x]. 
We know from the first paragraph of this section that all consecutive 
Qn of degree one are identical. To complete the proof, we shall show that 
if 6, < 2 < deg Qn+, , then Qn and Qn+l must have a common factor, 
i.e., Qn divides Qn+, . As a result, all Qlz , regardless of 6,) must be powers 
of the same irreducible polynomial in Z[x]. The logarithmic derivative of 
(S + 1) 2”f2 is l/(8 + 1) + (log 2)/2. Since 6 < e2 and l/3 + (log 2)/2 < 1, 
we know that 
(6 + 1) 28/z < es, for 8 3 2. (14) 
Thus, by (5), (7), and (14), if 6 = dS, , 
(6 + 1) II Qn 11’ II Q,+l II < (6 + N21’zP)’ eyn+1+8 
< ed8,v,fcv,+Zd8,e 
In view of the preceding inequality, (9), and the fact that the sequences 
(~,& and (S,J~zl are nondecreasing, Lemma 1 shows that Qn and 
Q n+1 must have a nonconstant common divisor in Z[x]. This completes 
the proof. 
LEMMA 4 (Giiting). Let Q E Z[x] be irreducible over Z of degree 
q 2 2 and with distinct roots 01, [. Then 
1 < I 01 - 6 1 (4q)4/2-1 II Q ])2g-1. 
Proof. Giiting [4, Theorem 8, p. 1581 actually showed that 
1 < I (11 - f I (4q)n12-l s(Q)“-li2, 
where s(Q) denotes the sum of the absolute values of the coefficients of Q. 
But clearly 
s(Q) G II Q II23 
since Q E Z[x]. 
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Proof of Theorem 2. Presently we shall prove that all the numbers 5, 
are conjugates of cy over Q. Inequality (3) will then show immediately 
that I, = 01 for all large n, since (S,y,),“,, is unbounded and monotonic. 
IfS,~2,wemusthaved(~,)=1forallrzandol=~,=~,=~~~.We 
may, therefore, assume that 6, 3 2 for all n E N. Lemma 4 implies that 
if cy # [, , but 01 and .$, are conjugates over Q, then 
Since we are taking 6, 3 2, we have 
2”“S>‘2(1 + SJ6, < 26S;;‘2(3SJ2)“” 
= 36@“,‘” 
n . 
The logarithmic derivative of 3x312 is 3/2x. Therefore, since 3(23/2) < 
12 < e4, we know that, whenever Sn 3 2, 3(Sz2) < e26n. Thus, unless 
a = 572, 
1 < 1 a _ 5, 1 ewA+~~d+z~ 
Such an inequality would however contradict (3). Thus, 5, = a for all n, 
as claimed. 
We first show that all the [, are conjugates over Q. Then (3) implies 
that all the 5, are also conjugates over Q of CY. For each n, the conjugates 
of 8, are bounded above in absolute value by 1 + h([,) [8, p. 51. Let Q, 
be the minimal polynomial for .$, over Z. Say 
d&r,) 
Then 
I Qn(4I < I 01 - trz I h&)(l a I + 1 + hCzNd(fn)-l~ (15) 
Evidently, estimates of the absolute value of en(~) will be simplified 
if ( (Y j < 1. If 1 01 1 > 1, consider the related polynomials 
Qn*(x) = xdeeQ”Q,(l/x). 
When (3) holds, if / 01 I > 1, then 
j 5, I > 1 - e-2 > l/3. (16) 
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At any rate, 4, # 0, Q,* is the minimal polynomial for [;‘, 
d&l) = d([,) and /I([;~) = h(&). Since 
we have 
la-‘-~,‘1 <3ja-&I. 
Hence, as in (15), 
I Q&-‘>I < I 01-l - 6,’ / h(.cj,‘)(I a 1-l + 1 + h(&l))d(E+l 
< 3 I a - &I I mQ(2 + wn))d”n’-l, 
by (16). Because Qn = Qn+, exactly when Qn* = Q,*,, , we may assume 
1 01 1 < 1 and, instead of (15), 
I Qd4l < 3 I 01 - Lz I 45X2 + ML))d(Cn)-l. 
But then by (3) we have 




By (5), we know 
II Qn II d (1 + hJ1’2 eyn. (18) 
Comparing (17) and (18) with (9) and (12), respectively, we recognize 
that the arguments of the last two paragraphs of the proof of Theorem 1 
show that all our Qn are identical and thus that all 5, are conjugates 
over Q. 
Note. More careful consideration shows that for some appropriate 
constant a,, > 0, depending on d, we may replace 2d& + log 3 in (3) 
by a,, log a,. The analogous improvement in Theorem 1 does not seem 
obvious because of our need there for Lemma 3, whose use accounts, 
via Lemma 2, for the difference between (12) and (18). 
Note added in prooj M. Waldschmidt has also proven a result comparable with 
Theorem 1 in $3 of Independance algkbrique des valeurs de la fonction exponentielle, 
Bull. Sot. Math. France 99 (1971), 285-304. 
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